We construct manifestly superconformal field theories in six dimensions which contain a non-Abelian tensor multiplet. In particular, we show how principal 3-bundles over a suitable twistor space encode solutions to these self-dual tensor field theories via a Penrose-Ward transform. The resulting higher or categorified gauge theories significantly generalise those obtained previously from principal 2-bundles in that the so-called Peiffer identity is relaxed in a systematic fashion. This transform also exposes various unexplored structures of higher gauge theories modelled on principal 3-bundles such as the relevant gauge transformations. This enables us to formulate the non-Abelian differential cohomology that describes principal 3-bundles with connective structures. 
Introduction
Following the impressive success of M2-brane models in the last few years, there is more and more interest in six-dimensional superconformal field theories that might yield candidate theories for similar M5-brane models. These theories should exhibit N = (2, 0) supersymmetry and have a tensor multiplet in their field content. The biggest issue in the construction of such theories is to render the tensor fields non-Abelian in a meaningful way. While there are a few ad-hoc prescriptions of how to do this, at the moment the geometrically most appealing solution to this problem seems to be higher gauge theory, see e.g. Baez & Huerta [1] and references therein.
Higher gauge theory describes consistently the parallel transport of extended objects, just as ordinary gauge theory describes the parallel transport of point-like objects. This description arises from a categorification of the ingredients of ordinary gauge theory. Roughly speaking, under categorification a mathematical notion is replaced by a category in which the notion's original structure equations hold only up to isomorphisms. When categorifying principal bundles, we replace the gauge or structure groups by so-called Lie 2-groups (certain monoidal tensor categories) and the principal bundles by so-called principal 2-bundles (a non-Abelian generalisation of gerbes).
Once the gauge structure is encoded in a way that allows for a description in terms of Cech cocycles (as e.g. principal bundles or bundle gerbes), we can construct a corresponding field theory using twistor geometric techniques: the twistor space P 6 suitable for discussing six-dimensional chiral field theories is the space that parametrises totally null 3-surfaces in six-dimensional space-time [2] . In addition, a generalisation of the Penrose-Ward transform will map theČech cocycles to certain differential forms encoding a categorified connection on six-dimensional space-time that satisfies a set of field equations.
The Penrose-Ward transform for Abelian gerbes over P 6 was discussed in [3, 4] (see also [5] for an earlier account and [6] for a supersymmetric extension). It yields u(1)-valued self-dual 3-forms in six dimensions. Besides that, in [3, 4, 6 ] also twistor space actions have been formulated that represent the twistor analogue of the space-time actions of Pasti, Sorokin & Tonin [7] .
More recently, we have presented the extension to the non-Abelian case [8] : certain non-Abelian gerbes (or principal 2-bundles) over P 6 are mapped under a Penrose-Ward transform to the connective structure of a non-Abelian gerbe on space-time that comes with a self-dual 3-form curvature. Since the twistor space P 6 can be straightforwardly extended to the supersymmetric case, a Penrose-Ward transform can also be used to identify nonAbelian N = (2, 0) and N = (1, 0) superconformal field equations containing a tensor multiplet and to describe solutions to these [8] .
The principal 2-bundles that are available in the mathematical literature and that have been developed to the extent necessary for applying our Penrose-Ward transform are relatively restricted. Instead of having a fully categorified Lie group (a so-called weak Lie 2-group) as a gauge group, they only come with what is known as a strict Lie 2-group.
The latter can be regarded as a Lie crossed module, that is, a 2-term complex H → G of ordinary Lie groups G and H. For such a strict Lie 2-group, the 3-form curvature of the principal 2-bundle has to take values in the centre of the Lie algebra of H to render the underlying parallel transport along surfaces well-defined.
This restriction may be regarded as one of the draw-backs of this type of non-Abelian gerbes, and from a topological perspective, these principal 2-bundles thus appear less interesting. We would like to stress, however, that we expect principal 2-bundles still to be relevant from a physical perspective. For instance, the field equations obtained in [8] represent an interacting, non-Abelian set of tensor field equations. Moreover, in [9] the 3-Lie algebra valued tensor field equations of Lambert & Papageorgakis [10] have been recast in higher gauge theory form based on principal 2-bundles. These equations have been studied in detail (see e.g. [11] and references therein), and clearly contain nontrivial dynamics. In particular, after a dimensional reduction, one recovers five-dimensional maximally supersymmetric Yang-Mills theory.
We can avoid the afore-mentioned draw-back in essentially two ways that remain manageable with the tools available in the literature: first of all, one can work with infinitedimensional (Lie) crossed modules such as models of the string 2-group discussed by Baez et al. [12] . This approach has been followed by a number of people, see for example
Fiorenza, Sati & Schreiber [13] . Note that because our twistor constructions [8] do not make use of any explicit properties of finite-dimensional crossed modules, they extend to such infinite-dimensional crossed modules without alteration. In the second approach, one can categorify one step further and employ so-called principal 3-bundles having Lie 3-groups as structure 3-groups. Here, the 3-form curvature can take values in more general subalgebras which are non-Abelian, in general. In this paper, we shall develop the latter approach.
Principal 3-bundles come with 1-form, 2-form and 3-form gauge potentials together with 2-form, 3-form and 4-form curvatures satisfying certain compatibility relations. If we draw our motivation for the development of superconformal field theories in six dimensions from M-theory with its 3-form potential, the inclusion of such a 3-from potential in the field theory is rather natural. Further motivation for using principal 3-bundles stems from the recently developed N = (1, 0) superconformal models [14] [15] [16] [17] [18] , which make use of a 3-form gauge potential. 1 For other recent approaches to defining six-dimensional superconformal theories, see e.g. references [10, 19, 13] .
Higher gauge theory on principal 3-bundles has been developed to a certain extent, see for example Martins & Picken [20] , but various details still remain to be clarified.
We therefore have two goals in this paper: firstly, we will derive the equations of motion of six-dimensional superconformal models with manifest N = (n, 0) supersymmetry for n = 0, 1, 2 and encode their solutions in terms of holomorphic principal 3-bundles on twistor space. In deriving the solutions from this holomorphic data, many properties of higher gauge theory on principal 3-bundles (as e.g. the explicit form of finite and infinitesimal gauge transformations) will become evident. Describing these properties together with the differential cohomology underlying principal 3-bundles with connection is then our second goal.
This paper is structured as follows. In Section 2, we start by reviewing the categorified groups appearing as gauge groups in our theories. We then present the cocycle description of principal 3-bundles in Section 3, which we will use in a rather involved Penrose-Ward transform in Section 4. In Section 4.3, we discuss the resulting six-dimensional supercon-formal field theories in detail. In Section 5, we summarise what we have learnt about principal 3-bundles with connective structure and we then formulate the underlying nonAbelian differential cohomology. We conclude in Section 6.
Gauge structure: Lie 3-groups and Lie 2-crossed modules
The definition of parallel transport of objects that are not point-like and transform under non-Abelian groups has been a long-standing problem. This problem is closely related to that of defining non-AbelianČech (and Deligne) cohomology beyond the cohomology set encoding vector bundles. A way to solving both problems is by categorifying the usual description of gauge theory in terms of principal bundles, as explained, for instance, in
Baez & Huerta [1] . In particular, we will have to categorify the notion of a structure group of a principal bundle.
As already indicated, the general categorifications of the notion of a Lie group lead to so-called weak Lie n-groups. To our knowledge, the theory of principal n-bundles with weak Lie n-groups as structure n-groups has not been developed, at least not to the degree that our constructions require. We therefore have to restrict ourselves to semistrict Lie 3-groups that are encoded by a Lie 2-crossed module, just as strict Lie 2-groups are encoded by Lie crossed modules. Both Lie crossed modules and Lie 2-crossed modules are very manageable, as they consist of 2-term and 3-term complexes of Lie groups, respectively.
Lie crossed modules and differential crossed modules
In this section, we would like to review briefly the definitions of Lie crossed modules and their infinitesimal version. For more details, see Baez & Lauda [21] and references therein.
Lie crossed modules. Let (G, H) be a pair of Lie groups. We call the pair (G, H) a Lie crossed module if, in addition, there is a smooth G-action on H by automorphisms 2 (and another one on G by conjugation) and a Lie group homomorphism t : H → G such that the following two axioms are satisfied:
(ii) The G-action and the Lie group homomorphism t : H → G obey the so-called
In this paper, we shall write (H t → G, ) or simply H → G to denote a Lie crossed module.
Note that Lie crossed modules are in one-to-one correspondence with so-called strict Lie 
for all X ∈ g and Y ∈ h, where [·, ·] denotes the Lie bracket on g.
(ii) The g-action and the Lie algebra homomorphism t : h → g obey the so-
the Lie bracket on h.
We shall again use h → g as a shorthand notation to denote a differential Lie crossed module. In categorical language, differential Lie crossed modules are in one-to-one correspondence with strict Lie 2-algebras. We would like to point out that, as shown in [9] , the 3-algebras underlying the recently popular M2-brane models can be naturally described in terms of differential Lie crossed modules.
Lie 2-crossed modules and differential 2-crossed modules
As indicated, Lie crossed modules (H t → G, ) are used as structure 2-groups in the theory of principal 2-bundles, in the same way that Lie groups are the structure groups for principal bundles (that is, principal 1-bundles). The connective structure on a principal 2-bundle, encoded in a g-valued connection 1-form and a h-valued connection 2-form, is, however, somewhat restricted: its associated 3-form curvature, which takes values in the kernel of t, must lie in the centre of h because of the Peiffer identity.
3 That is, if we denote by [·, ·] the Lie brackets on g and h, respectively, then
Y2] for all X ∈ g and all Y1,2 ∈ h and furthermore,
We now wish to remove this undesirable restriction by moving away from Lie crossed modules and turning to a categorification of them, the so-called Lie 2-crossed modules of Conduché [23] together with their differential counterparts. 4 As we shall see later, these will be used as structure 3-groups in the theory of principal 3-bundles. Our main motivation to consider this specific generalisation is that the Peiffer identity can be relaxed in a systematic way by means of the so-called Peiffer lifting. As a direct consequence, the 3-form curvature will not necessarily take values in the centre of some Lie algebra.
This will eventually enable us to construct superconformal self-dual tensor theories in six dimensions with a general 3-form curvature.
Lie 2-crossed modules. Let (G, H, L) be a triple of Lie groups. A Lie 2-crossed module [23] is a normal complex 5 of Lie groups,
together with smooth G-actions on H and L by automorphisms (and on G by conjugation), both denoted by , and a G-equivariant smooth mapping from H × H to L called the Peiffer lifting and denoted by {·, ·} : H × H → L, 6 subject to the following six axioms (see e.g. [23, 20] ):
(i) The Lie group homomorphisms t are G-homomorphisms, that is, t(g ) = g t( ) and t(g h) = gt(h)g −1 for all g ∈ G, h ∈ H, and ∈ L.
(and likewise for elements of G and H).
We shall write (L
a Lie 2-crossed module. From a categorical point of view, Lie 2-crossed modules encode 4 Another categorification of Lie crossed modules is given by Lie crossed squares and Breen [24] has constructed higher principal bundles using those as structure groups. These crossed squares can be reduced to 2-crossed modules and from a categorical perspective, the latter are sufficiently general. 
This is an H-action on L by automorphisms [23, 26] , and we recall the proof in Appendix
A. This directly implies that and axioms (ii) and (iii) it immediately follows that
These are precisely the two axioms of a Lie crossed module. Finally, the data (t(L)\H t → G, ) also forms a Lie crossed module.
Differential Lie 2-crossed modules. As before, we may study the infinitesimal counterpart of Lie 2-crossed modules. Let (g, h, l) be a triple of Lie algebras. A differential Lie 2-crossed module is a normal complex of Lie algebras (i) The Lie algebra homomorphisms t are g-homomorphisms, that is, t(X Z) = X t(Z) and t(X Y ) = [X, t(Y )] for all X ∈ g, Y ∈ h, and Z ∈ l.
We shall write (l
Lie 2-crossed module.
Analogously to Lie 2-crossed modules, there is an induced h-action on l that is defined as
and acts by derivations. This h-action simply follows from the linearisation of (2.2). In addition, as is a direct consequence of the finite case, (l t → h, ) forms a differential Lie crossed module.
Principal 3-bundles
The next step in our discussion is the introduction of categorified principal bundles that are modelled on Lie 2-crossed modules. Such bundles are called principal 3-bundles. Following the conventional nomenclature of ordinary principal (1-)bundles, we shall refer to the Lie 2-crossed modules on which the principal 3-bundles are based as the structure 3-groups.
Notice that principal 1-bundles and 2-bundles as well as Abelian 1-gerbes and 2-gerbes will turn out to be special instances of principal 3-bundles.
Cocycle description of principal 1-and 2-bundles
Firstly, let us briefly recall the formulation of smooth principal 1-and 2-bundles in terms of Cech cohomology. To this end, let M be a smooth manifold and let {U a } be an open covering of M which is chosen to be sufficiently fine (Stein). In the following, the intersections of coordinate patches that appear will always be assumed to be non-empty.
Principal bundles. As is well-known, smooth principal bundles over M with structure group G are described in terms of the non-AbelianČech cohomology H 1 (M, G). 7 Representatives of elements of H 1 (M, G) are 1-cocyles and are called transition functions. Specifically, a 1-cocycle is a collection {g ab } of smooth maps g ab : U a ∩ U b → G on non-empty intersections U a ∩ U b which obey the cocycle condition
Note that this condition implies that g aa = 1. Moreover, two principal bundles with transition functions {g ab } and {g ab } are considered topologically equivalent (or cohomologous), if there are smooth maps g a : U a → G such that
A trivial principal bundle is a principal bundle that is described by transition functions that are all cohomologous to one, that is,
Principal 2-bundles. Similarly, smooth principal 2-bundles with structure 2-groups (H t → G, ) can be described in terms of a generalised, non-AbelianČech cohomology de- of collections of smooth maps g ab : U a ∩ U b → G and h abc : U a ∩ U b ∩ U c → H which obey the following cocycle conditions [22, 27] (see also [28] ):
The first equation is a 'categorification' of (3. Abelian (bundle) gerbe. We would like to emphasise that, roughly speaking, the cohomology H 2 (M, H → G) combines ordinary first-order and second-orderČech cohomologies 7 In writing H 1 (M, G), we do not make a notational distinction between the Lie group G and the sheaf S G of smooth G-valued functions. We shall continue to use a similar notation when dealing with principal 2-bundles and 3-bundles, respectively. non-trivially: if both H and G are Abelian and the action of G onto H is trivial, then
Two principal 2-bundles, represented by the transition functions ({g ab }, {h abc }) and ({g ab }, {h abc }), are considered equivalent (or cohomologous), g ab ∼g ab and h abc ∼h abc , if there are smooth maps g a : U a → G and h ab :
Then, a trivial principal 2-bundle is one that is described by transition functions that are all cohomologous to one, that is,
Note that by virtue of (3.4), we can always assume that h aaa = 1 without loss of generality. Concretely, starting from a general h abc with h aaa = 1, it is a straightforward exercise to show that for the choice h aa = h aaa we obtainh aaa = 1. In the following, we shall therefore always make this choice and assume h aaa = 1. Clearly, the residual equivalence relations are then those relations (3.4) for which h aa = 1. Furthermore, from (3.3) together with h aaa = 1 we immediately conclude that also g aa = 1 and h aab = h abb = 1.
Cocycle description of principal 3-bundles
General 3-cocyles. Let us now move on and discuss smooth principal 3-bundles. There are two obvious ways of categorifying Lie crossed modules and therefore two direct routes to principal 3-bundles. The first one, using 'crossed modules of crossed modules' also known as crossed squares, yields the 2-gerbes of Breen [24, 29] . The second one, developed by Jurčo in 
subject to the following cocycle conditions [30] 8 : Cech cocycle equation; see [30] for details on the derivation. As before, we will refer to the 3-cocycles as transition functions.
From the above equations it is clear that the cohomology
bines ordinary first-order, second-order, and third-orderČech cohomologies in a non-trivial fashion: if L, H, and G are all Abelian and the action of G onto H and L is trivial, then
Note that these principal 3-bundles are a non-Abelian generalisation of principal 2-bundles that contain Abelian 2-gerbes: for L = {1}, the cocycle conditions (3.5) reduce to the ones of a principal 2-bundle.
Moreover, for the Lie 2-crossed module
, we recover the definition of a local Abelian (bundle) 2-gerbe.
Two principal 3-bundles described by transition functions ({g ab }, {h abc }, { abcd }) and ({g ab }, {h abc }, {˜ abcd }) are considered equivalent, if there are smooth maps g a : U a → G,
Similarly to the principal 2-bundle case, also these equivalence relations can be used to normalise the transition functions according to
and we shall always do so in the following.
Trivial 3-cocyles. For a trivial principal 3-bundle, there exist smooth maps g a : U a → G, 
These relations can be derived from (3.6) by puttingg ab = 1,h abc = 1, and˜ abc = 1.
Alternatively, the first of these equations can be read off (3.5a) by fixing the patch where the cocycle trivialises to be U c . Likewise, (3.8b) follows from (3.5b) by fixing the trivialising patch to be U d and (3.8c) follows from (3.5c) by fixing the trivialising patch to be U e , respectively. Note that because of the normalisations (3.7), we may also normalise the group-valued functions h ab and abc to h aa = 1 and aaa = aab = abb = 1 .
without loss of generality. Finding the splitting (3.8) for a given collection of transition functions ({g ab }, {h abc }, { abcd }) amounts to solving a Riemann-Hilbert problem.
Penrose-Ward transform and self-dual fields
We are now in the position to pursue our main idea to construct self-dual non-Abelian tensor field theories in six dimensions via twistor theory. The basic idea of twistor theory is to encode solutions to certain field equations on space-time in terms of holomorphic data on a twistor space that is associated with space-time in a particular fashion. Conversely, the field equations in question and the associated gauge transformations follow naturally from the algebraic twistor data. For gauge theory, this map between data on space-time and data on twistor space is known as a Penrose-Ward transform.
The twistor approach has been used very successfully for the description of instantons in Yang-Mills theory [31] and Einstein gravity [32] in four dimensions (including their supersymmetric extensions, e.g. in [33] [34] [35] [36] ). In this context, the twistor space is the Penrose twistor space [37] (and supersymmetric extensions thereof, see for example [38, 33, 35] ) and the holomorphic twistor data are certain holomorphic vector and principal bundles in the case of Yang-Mills theory and holomorphic contact structures in the case of Einstein gravity. The twistor approach has also been used for description of gauge theory instantons in dimensions greater than four (see, e.g. [39] and references therein). In addition, it has been used to describe equations of motion of non-self-dual theories such as maximally supersymmetric Yang-Mills theory in four [40, 33] , three [41] , and six dimensions [42] .
More recently, it was demonstrated that twistor theory can also be applied to the construction of superconformal non-Abelian self-dual tensor field theories in six dimensions [8] which are based on principal 2-bundles (see [3] [4] [5] [6] for the Abelian description). In the remainder of this work, we would like to generalise our previous results [8] by constructing superconformal self-dual non-Abelian tensor field theories in six dimensions that are based on principal 3-bundles. As indicated previously, principal 3-bundles allow to relax the Peiffer identity, and, as such, we will obtain self-dual tensor theories with a 3-form curvature that will no longer be constrained to take values in the centre of a Lie algebra.
Twistor space
Chiral superspace. As we wish to discuss superconformal gauge theories in six dimensions, let us consider complexified flat space-time, M 6 := C 6 , and extend it by 8n fermionic directions with n ∈ {0, 1, 2}. We obtain N = (n, 0) chiral superspace M 6|8n := C 6|8n := C 6 ⊕ ΠC 8n , where Π is the (Graßmann) parity-changing operator. We will always work in this complexified setting; real structures leading to Minkowski signature or split signature can be introduced whenever desired (see, e.g., [3] for details). They obey the (anti-)commutation relations
where [·, ·] denotes the super Lie bracket (graded supercommutator).
In the following, we will use the conventions
, where brackets denote normalised anti-symmetrisation of the enclosed indices. 9 9 Likewise, parentheses will denote normalised symmetrisation of the enclosed indices.
Twistor space and double fibration. To define the relevant twistor space of M 6|8n , we first introduce a space referred to as the correspondence space. We define it to be F 9|8n := M 6|8n × P 3 with P 3 being complex projective 3-space. Furthermore, we equip the correspondence space with the coordinates (x AB , η A I , λ A ), where the λ A are homogeneous coordinates 10 on P 3 . Notice that for n = 0, the correspondence space can be understood as the projectivisation of the dual of the (rank-4) bundle of anti-chiral spinors on sixdimensional space-time M 6 .
On F 9|8n , we introduce a distribution D := span{V A , V IAB }, called the twistor distribution, with
This is a rank-3|6n distribution because of the relations
Therefore, we have a foliation of the correspondence space, and we define the twistor space to be the quotient P 6|2n := F 9|8n /D. This is a complex (super)manifold. Indeed, if
we let (z A , λ A , η I ) be homogeneous coordinates on P 7|2n , then the twistor space P 6|2n is a complex hypersurface in P 7|2n \ P 3|2n given by the zero locus
where the P 3|2n we remove from P 7|2n is given by the condition λ A = 0.
In summary, we have established the double fibration
where π 2 denotes the trivial projection while π 1 acts as
The equations
are called the incidence relation.
Geometric twistor correspondence. Because of the incidence relation (4.7), we have a geometric relation between points and certain submanifolds. Specifically, any point x ∈ M 6|8n in chiral superspace corresponds to a complex projective 3-spacex = π 1 (π −1
2 (x)) → P 6|2n . Conversely, any point p ∈ P 6|2n in twistor space corresponds to a 3|6n-superplane
Here, (x AB 0 , η 0 A I ) is a particular solution to the incidence relation (4.7) which corresponds to a reference point in the superplane in M 6|8n . The moduli µ A and θ IAB are defined up to terms proportional to λ A . As a result, there are 3|6n (which is the rank of the twistor distribution) moduli parametrising the superplane. Note that for n = 0, (4.8) reduce to
Hence, (4.8) represent a super-extension of a totally null 3-plane.
Penrose-Ward transform
Twistor data. Subject of this section is the explicit derivation of non-Abelian self-dual tensor theories by means of twistor theory. In particular, the algebraic twistor data from which we would like to start is represented by topologically trivial, holomorphic principal 3-bundlesÊ → P 6|2n over the twistor space P 6|2n which, in addition, are holomorphically trivial when restricted to any complex projective 3-spacex = π 1 (π −1 2 (x)) → P 6|2n . Following Manin's terminology in the principal 1-bundle case [33] , we will refer to such bundles as M 6|8n -trivial. We denote the structure 3-group ofÊ by (L t → H t → G, , {·, ·}). 11 If, as before, {Û a } is an open covering of P 6|2n that is chosen to be sufficiently fine (Stein), then E → P 6|2n can be described by holomorphic transition functions ({ĝ ab }, {ĥ abc }, {ˆ abcd }) on appropriate non-empty overlaps of the coordinate patchesÛ a subject to the cocycle conditions (3.5) and the normalisations (3.7). 12 Relative connective structure. Next, we wish to pull back such an M 6|8n -trivial bundleÊ → P 6|2n to the correspondence space along the projection π 1 . This yields a holomorphic principal 3-bundle E := π * 1Ê over F 9|8n . For simplicity, we work with the induced covering {U a := π −1 1 (Û a )} on the correspondence space. This enables us to describe the bundle E in terms of the pulled-back transition functions ({g ab := π * 1ĝ ab }, {h abc := 11 At this stage, we could assume that L, H, and G are Lie supergroups, and hence,Ê is a principal 3-superbundle. However, for the sake of clarity, and since there is no immediate physical application of supergroups here, we will only work with Lie groups. The discussion below can be adapted to the supergroup case without any difficulty. 12 The standard (Stein) cover of P 6|2n consists of four coordinate patches. Hence, for this choice of cover, there will only be one abcd , and, consequently, the cocycle condition (3.5c) for abcd will become vacuous.
π * 1ĥ abc }, { abcd := π * 1ˆ abcd }) which also obey (3.7). Since we are assuming that the bundlê E → P 6|2n is topologically trivial, and, in addition, holomorphically trivial on all projective 3-spacesx = π 1 (π −1 2 (x)), the bundle E → F 9|8n must be trivial (topologically as well as holomorphically) on all of the correspondence space. Hence, by virtue of (3.8), its transition functions are of the form
We emphasise that the group-valued functions ({g a }, {h ab }, { abc }) are holomorphic and obey (3.9). Despite being holomorphically trivial, the bundle E → F 9|8n contains nontrivial information that is encoded in a relative connective structure as will become transparent momentarily.
By definition of a pull-back, the transition functions ({g ab }, {h abc }, { abce }) of E must be annihilated by the twistor distribution. Specifically, let us introduce the relative exterior derivative along the fibration π 1 : 
on the appropriate intersections of the coordinate patches {U a }. Notice that these forms have components only along the fibration π 1 : F 9|8n → P 6|2n , and, as such, they are so-called relative differential 1-forms. In our subsequent discussion, we will denote the sheaf of relative differential r-forms on the correspondence space by Ω r π 1 . Notice also that b aa = c aaa = c aab = c abb = 0 because of the normalisations (3.9) and the fact that
The relative 1-forms a a , b ab , and c abc obey the following relations:
The first two of these equations follow relatively straightforwardly from (4.9a) and (4.9b), respectively, while the last equation follows from (4.9c) after a lengthy calculation. In fact,
we have established the equation (4.14c) and the more involved relations following below using a computer algebra programme. 13 Next, we point out that equation 
. This cohomology group, however, vanishes since H 2 (F 9|8n , Ω 1 π 1 ) is zero as follows from similar arguments as those given in [5, 3] . Hence, c abc must be of the form c abc = c ab + c bc + c ca with c ab = −c ba , (4.15) where c ab is defined on U a ∩ U b .
Since c abc is totally anti-symmetric, we conclude that also b ab must be anti-symmetric as this follows from (4.14b) for the choice c = a. Upon substituting the splitting (4.15)
into (4.14b), we obtain
Thus, the collection {b ab } defines an element of the AbelianČech cohomology group
This cohomology group is also zero [5, 3] and therefore, we have yet 13 The procedure we have used in deriving this result is as follows: i) simplify the equation to c abc − c bcd + c cda = c dab + . . . with a minimum amount of substitutions of the expressions for trivial cocycles; ii) turn all actions of H on l in the remaining terms into actions of G on l; iii) simplify all the terms by using the identity {h1, h
another splitting
Next, we substitute the definition (4.16) of b ab into (4.14a) and because of t 2 (Z) = 0 for all Z ∈ l and (4.17), we realise that
Hence, we obtain a globally defined g-valued relative 1-form
A straightforward calculation shows that 14
where b ab , b ab = t({b ab , b ab }) as before. With the help of the splitting (4.17) and the definition (4.16), these equations imply that
Again, a lengthy calculation shows that
This simply says that the collection {c ab } defines an element of the AbelianČech cohomo-
However, also this cohomology group vanishes following the arguments of [5, 3] . Therefore, we arrive at the splitting
This result can be substituted into (4.20a) to conclude that Finally, we define a relative differential 3-form
on U a . A lengthy computation using a computer algebra programme shows that this 3-form obeys C a = C b on U a ∩ U b . Therefore, we have obtained a globally defined l-valued relative 3-form C π 1 with C a = C π 1 | Ua .
Summarising, using the data (4.9), we have constructed the global relative differential forms A π 1 , B π 1 , and C π 1 . We may interpret these forms as the connection forms constituting a relative connective structure on the principal 3-bundle E → F 9|8n .
Relative curvatures. The set of curvature forms associated with the relative connection forms A π 1 , B π 1 , and C π 1 will consist of a g-valued 2-form curvature F π 1 , an h-valued 3-form curvature H π 1 , and an l-valued 4-form curvature G π 1 . In particular, using the first equation in (4.19) and the definitions (4.18), (4.23), and (4.24), it immediately follows that
which define the curvature forms F π 1 and H π 1 . These equations simply state the vanishing of the so-called 2-form and 3-form fake curvatures,
It remains to define the 4-form curvature. It is
This choice of G π 1 is essentially dictated by demanding covariant behaviour under gauge transformations, and we will come back to this point below. One can check that G a = G π 1 | Ua = 0, which follows upon substituting the explicit expressions (4.18), (4.23), and (4.24) for A a , B a , and C a into the definition (4.27). Hence,
and therefore we shall say that the relative connective structure is 3-flat. Note that in the purely bosonic case n = 0, (4.27) vanishes trivially as in this case the fibres of π 1 : F 9|0 → P 6|0 are 3-dimensional implying that there are no relative 4-forms. However, for n > 0 this expression is, in general, non-trivial because of the extra fermionic directions. As we shall see below, the equation G π 1 = 0 will correspond to certain constraint equations on chiral superspace.
Summarising, M 6|8n -trivial holomorphic principal 3-bundles over the twistor space correspond to holomorphic principal 3-bundles over the correspondence space that are equipped with a relative connective structure that is 3-flat.
Gauge freedom on the correspondence space. By construction, it is clear that the solutions to the Riemann-Hilbert problems (4.9), (4.15), (4.17), and (4.22) are not unique:
we can always consider the transformation g a → g a g for a globally defined holomorphic G-valued function g. 15 Likewise, we may consider the shifts 16 and c a → c a + Σ π 1 where Λ π 1 is a globally defined h-valued relative 1-form, Θ a is an l-valued relative 1-form defined on U a , and Σ π 1 is a globally defined l-valued relative 2-form, since these shifted forms represent equally good solutions to the Riemann-Hilbert problems (4.15), (4.17), and (4.22). The combination of these transformations then yields
Some lengthy algebraic manipulations show that under these transformations, the relative connection forms (4.18), (4.23), and (4.24) behave as
where we have used the abbreviations
We shall refer to the transformations (4.30) as gauge transformations of the relative connective structure. We will demonstrate momentarily that these transformations will correspond to certain space-time gauge transformations. The gauge transformations (4.30) 15 Hence, it is independent of λA. 16 Hence, the definition of b ab in (4.16) depends on such Θa-shifts.
then imply that a pure gauge configuration is one for which the relative connection forms are of the form
31a)
31b)
This should be compared with the expressions (4.18), (4.23), and (4.24) for A a , B a , and C a , respectively. This therefore justifies again the terminology of the 3-flatness of the relative connective structure.
Note that the coordinate-patch-dependent Θ a -transformations appearing in (4.29) drop out of (4.30) as they should since the relative connection forms are globally defined. At this point we would like to point out that there are additional transformations that leave the splitting (4.9) invariant. They are
for some smooth functions h a : U a → H, and we will come back to them in Section 5. However, also these coordinate-patch-dependent transformations necessarily leave the global relative connection forms A π 1 , B π 1 , and C π 1 invariant. Thus, the freedom in defining the relative connection forms is given by g ∈ H 0 (F 9|8n , G),
. The induced transformations of the associated curvature forms (4.25a), (4.25b), and (4.27) read as
33a)
33b)
The first two equations imply that the fake curvature relations (4.25) behave covariantly under gauge transformations, that is,F π 1 = t(B π 1 ) andH π 1 = t(C π 1 ). In addition, provided that these equations hold, the transformation law of the 4-form curvature G π 1 simplifies to
This behaviour under gauge transformations explains our definition (4.27) of G π 1 . Note that since G π 1 = 0 alsoG π 1 = 0 confirming again the consistency of our constructions.
Field expansions. In the final step of the construction, we wish to push down to chiral superspace M 6|8n the bundle E → F 9|8n and its relative connective structure. This amounts to 'integrating out' the P 3 -dependence in the relative connection forms stemming from the fibres of π 2 : F 9|8n → M 6|8n . 17 Eventually, we will obtain a holomorphic principal 3-bundle E → M 6|8n (which is holomorphically trivial as M 6|8n has trivial topology) with a connective structure that is subjected to certain (superspace) constraints. That is, certain components of the associated curvature forms on E will vanish.
Concretely, the relative connection forms (A π 1 , B π 1 , C π 1 ) and the associated curvature forms (F π 1 , H π 1 , G π 1 ) are expanded as and where B A B is trace-less, and a differential 3-form C has the spinor components and where the fermionic (Graßmann-odd) ψ I A and bosonic (Graßmann-even) φ IJ = −φ JI fields represent the 'trace-parts'. These fields will turn out later to be the fermions and the scalars of the tensor multiplet. Using these expressions, the constraint equations (4.37b) thus take the equivalent form
The components of the curvatures F and H appearing in the constraint equations (4.37a) and (4.39) read explicitly as 
The 'trace-less parts' (G AB I C ) 0 , (G A B IJ CD ) 0 , and (G AB IJK CDE ) 0 of the components of the curvature 4-form G may be written as AB and
AB are bosonic (Graßmann-parity even) which represent the 'trace-parts'. The bi-spinor U IJ AB can be decomposed into a vector U IJ [AB] and a self-dual 3-form U IJ (AB) and similarly for V IJ AB . Thus, the constraint equations (4.37c) read as
with the curvature components given by 18 
In deriving these equations, we have again made use of (4.11). Note that one can show that all these components of G lie in the kernel of t.
Gauge freedom on chiral superspace. Because of (4.30), there is a gauge freedom in the above constraint equations. In particular, the gauge parameters Λ π 1 and Σ π 1 appearing in the gauge transformations (4.30) of the relative connective structure are expanded as
45a)
where Σ A B is trace-less. Note that g in (4.30) is a globally defined, holomorphic G-valued function on the correspondence space, and, as such, it does not depend on the coordinates λ A (since P 3 is compact). Thus, g descents down to M 6|8n directly. 18 Recall that G = dC0 + A C0 + {B, B}.
The coefficient functions of Λ π 1 and Σ π 1 together with g are the gauge parameters on M 6|8n : upon substituting the expansions (4.45) and (4.34) into the transformations (4.30), we find the following gauge transformation on chiral superspace M 6|8n :
Discussion of the constraint equations
To summarise the discussion of the previous section, by starting from an M 6|8n -trivial holomorphic principal 3-bundleÊ over the twistor space P 6|2n , we have constructed a holomorphically trivial principal 3-bundle over chiral superspace M 6|8n that comes equipped with a holomorphic connective structure subjected to the superspace constraint equations (4.37a), (4.39) , and (4.43). In particular, theČech equivalence class of any such bundle over the twistor space gives a gauge equivalence class of complex holomorphic solution to these constraint equations. The inverse of this Penrose-Ward transform is well-defined, and returns an M 6|8n -trivial holomorphic principal 3-bundleÊ over the twistor space P 6|2n that is cohomologous toÊ. To see this, we take the components of the connective structure on M 6|8n and construct the relative connective structure using equations (4.34) . The fact that the relative 4-form curvature as well as the relative fake curvatures vanish, implies that the relative connective structure is pure gauge. From this observation, the reverse construction of theČech cocycles describing the principal 3-bundleÊ over twistor space is rather straightforward. We may therefore formulate the following theorem: A , φ IJ ) obtained from principal 3-bundles is generally non-Abelian. Furthermore, as our equations are formulated on superspace, they are manifestly supersymmetric. In addition, the whole twistor construction is superconformal. Altogether, we have therefore obtained N = (n, 0) manifestly superconformal, interacting field theories with n = 0, 1, 2 that contain a non-Abelian generalisation of the N = (n, 0) tensor multiplet.
We should note that a general gauge theory on a principal 3-bundle over chiral superspace M 6|8n , which we will discuss in Section 5, will contain the full fake curvature condition H = H − t(C) = 0. According to our constraint equations (4.39), we do not find the full fake curvature equation on chiral superspace. However, if, say, the sequence l → h → g was exact at h, we could always adjust the 3-form potential C such that the general fake curvature condition holds since, by construction, we have t(H) = 0 for the full 3-form curvature. Otherwise, even though the relation of our constraint equations to parallel transport of two-dimensional objects remains unclear at this stage 20 , they still describe a consistent superconformal gauge theory. 21 A particularly interesting point is now the coupling of the 'matter fields', such as ψ I A and φ IJ defined in (4.38) , to the connective structure. Equations (4.39) together with where the gauge parameters α I A and α IJ are made from the Λ and Σ gauge parameters entering (4.46a)-(4.46e). This is the desired transformation and such a coupling of matter fields to a connective structure of higher gauge theory had only been obtained in [8] so far.
Notice that H AB transforms likewise as H AB →H AB := g −1 H AB + t(α AB ).
Clearly, a detailed analysis of our constraint equations requires to reduce them to an equivalent set of field equations on six-dimensional space-time M 6 , analogously to the reduction of the constraint equations of maximally supersymmetric Yang-Mills theory discussed by the authors of [45] . This, however, is beyond the scope of this paper, and thus postponed to future work.
Finally, let us come to a few special cases of our construction. First of all, if we reduce our principal 3-bundle to a principal 2-bundle by choosing a Lie 2-crossed module {1} → H → G, our equations reduce to those obtained in [8] . A further reduction to the Abelian case {1} → U(1) → {1} then obviously leads to the situation described in [3, 4] . One can also perform the Penrose-Ward transform for principal 3-bundles over the hyperplane twistor space introduced in [3] . This will yield solutions to non-Abelian generalisations of the self-dual string equations. As the discussion is straightforward (cf. the discussion for principal 2-bundles in [8] ), we refrain from going into any further details.
Higher gauge theory on principal 3-bundles
In the derivation of the constraint equations in the last section, all features of gauge theory on principal 3-bundles have become apparent. Let us summarise these in the following.
To give a complete description, we will discuss the underlying non-Abelian differential cohomology right from the start. Recall that Abelian (n − 1)-gerbes with connective structure are described by Deligne cohomology [46] . The non-Abelian differential cohomology we have in mind here is one that is based on principal n-bundles with structure n-groups, 20 Note that parallel transport requires the vanishing of fake curvatures, see [43, 20] . 21 In [44] a (non-supersymmetric) higher gauge theory including an action principle based on principal 2-bundles was obtain that does not require the vanishing of the fake curvature either.
and which reduces to Deligne cohomology for the case of Abelian (n − 1)-gerbes, that is principal n-bundles with gauge n-group B n−1 U(1). In the following, we shall iterate through the principal n-bundles for n = 0, 1, 2, 3.
Consider a manifold M with an open Stein cover U := {U a }. We denoteČech p-cochains that take values in the sheaf of smooth functions into G by C p,0 (U, G) andČech p-cochains that take values in the sheaf of differential q-forms on M times a Lie algebra g by C p,q (U, g).
The non-Abelian differential cohomology we will describe below is based on a Lie 2-crossed
Degree 0. A degree-0 cochain {g a } is specified by a set {g a } ∈ C 0,0 (U, G). The cocycle condition reads as
As usual in degree 0, there is no equivalence between cocycles in terms of coboundaries.
Thus, an element of the degree 0 cohomology set defines a smooth function M → G, which could be called a principal 0-bundle. Degree 1. A degree-1 cochain ({g ab }, {A a }) is given by theČech cochains {g ab } ∈ C 1,0 (U, G) and {A a } ∈ C 0,1 (U, g). The degree-1 cocycle condition amounts to
Two degree-1 cocycles ({g ab }, {A a }) and ({g ab }, {Ã a }) are considered equivalent if there is a degree-0 cochain {g a } such that
We conclude that elements of the degree-1 cohomology set define principal (1-)bundles with connection. Note that the second cocycle condition turns the local Lie algebra valued one-forms {A a } into a global object, the connection. The curvature of ({g ab }, {A a }) , and ({g ab }, {Ã a }) are related viaF
Degree 2. A degree-2 cochain consists of the followingČech cochains:
Note that contrary to Deligne cohomology, the sum ofČech and de Rham degrees of thě Cech cochains forming the non-Abelian differential cochain will no longer be constant from now on. The degrees are constant, however, across the form-valuedČech cochains which take values in the same Lie algebra or integrating Lie group. Moreover, since we fixed our conventions such that g aa = 1, we do not have the additional elements C 0,0 (U, H) that appeared in Schreiber & Waldorf [47] . The degree-2 cocycle conditions are
where each equation is considered on the obvious intersections of patches. Note that upon putting h aba = 1, the cocycle condition for Λ ab turns into the corresponding consistency condition given in [1] .
Two cocycles ({h abc }, {Λ ab }, {B a }, {g ab }, {A a }) and ({h abc }, {Λ ab }, {B a }, {g ab }, {Ã a })
are considered cohomologous, if there is a degree-1 cochain
On each patch U a , we introduce the curvatures
To render the underlying parallel transport of one-dimensional objects along surfaces reparameterisation invariant, one has to impose the fake curvature condition:
Besides the Bianchi identity for F a , the fake curvature condition yields the Bianchi identity dH a + A a H a = 0 together with and ({h abc }, {Λ ab }, {B a }, {g ab }, {Ã a }) are related as follows:
Note that the degree-2 cohomology set arose from the degree-1 set by categorification:
the cocycle and coboundary relations for degree 1 hold in degree 2 only up to isomorphisms.
Therefore we expect that beyond the equivalence relation between cochains, there should be an equivalence relation between equivalence relations. Two degree-0 cochains ({g a }, {h ab }) and ({g a }, {h ab }) encoding an equivalence relation (5.9) are called cohomologous, if there is a degree-0 cochain {h a } ∈ C 0,0 (U, h) such that
Degree 3. Degree-3 cochains are encoded in the followingČech cochains:
The degree-3 cocycle conditions for { abcd }, {h abc }, and {g ab } are given in (3.5). The corresponding equations on the gauge potentials {C a }, {B a }, and {A a } are given by gauge transformations across overlaps of patches: 
and additional equations for {Ξ abc }, {Σ ab }, and {Λ ab }, which we again suppress, are satisfied.
We introduce the curvatures 18) which satisfy the fake curvature conditions
Besides the usual Bianchi identity involving F a , we have here, and one has a categorified version of equation (5.14) . They appear in the PenroseWard transform in (4.32), but they turn out to be irrelevant for the resulting field equations, as one would expect. Note that the h a s used in the categorification of (5.14) and the ones appearing in (4.32) are related by h a ↔ g −1 a h a . In addition, there is a further equivalence relation between these equivalences. Since these formulae are rather lengthy, not very illuminating and of no direct use in the discussion of the dynamics of connective structures on principal 3-bundles, we again refrain from listing them here.
Conclusions
In this paper, we constructed new N = (n, 0) superconformal field theories in six dimensions with n = 0, 1, 2 that contain a non-Abelian generalisation of the tensor multiplet. The equations were obtained from a Penrose-Ward transform of certain holomorphic principal 3-bundles over a suitable twistor space. Compared to the superconformal field equations that we had derived previously in [8] , the equations here are significantly more general:
the Peiffer identity is lifted in a controlled way and the previous restriction of the 3-form curvature H to live in the centre of a Lie algebra is removed. Moreover, our new equations contain a 3-form potential, which can be motivated by either making connections to Mtheory or by referring to other approaches to six-dimensional superconformal field theories as those in [14, 16, 18] or [13] .
The Penrose-Ward transform exposed all features of higher gauge theory with principal 3-bundles, some of which had remained unexplored in the literature so far. In particular, we formulated the non-Abelian differential cohomology that describes principal 3-bundles with connective structure. This cohomology nicely reduces to the usual Deligne cohomology, when the principal 3-bundle is reduced to an Abelian 2-gerbe.
The constraint equations we obtained seem rather promising to us, and they lead to a number of questions that we intend to address in future work. First of all, it is important to reduce our superfield constraint equations to actual field equations on ordinary six-dimensional space-time. This issue appears usually in the twistor description of field equations, see [45] for the case of maximally supersymmetric Yang-Mills theory in four dimensions and [48] for similar expansions in the context of three-dimensional supersymmetric Chern-Simons theories. Once this is done, a more detailed analysis of the field equations and their possible relation to the effective description of M5-branes can be undertaken. In particular, the reduction to five-dimensional super Yang-Mills theory as well as a detailed study of the BPS configurations known as self-dual strings should be performed. As we pointed out, our superconformal tensor field equations can be dimensionally reduced to those of a non-Abelian generalisation of the self-dual string equations. Alternatively, these equations can also be obtained from holomorphic principal 3-bundles over the hyperplane twistor space introduced in [3] .
An important question is the interpretation of the additional 3-form potential that is not believed to be part of the field content of an effective description of M5-branes. Currently, it seems that this field should be regarded analogously to the 3-form field appearing in [14, 16, 18] . That is, it merely mediates couplings between the various other fields.
Finally, it still seems conceivable that a manageableČech description of principal 2-bundles with semistrict structure 2-groups exists. In this case, our twistor construction would be an ideal approach both to explore the general definition of semistrict higher gauge theories as well as to find new and more general superconformal field theories in six dimensions.
We have {1, h} = 1 = {h, 1} for all h ∈ H , (A.1)
as follows directly from applying the Lie 2-crossed module axioms (iv) and (v) to {11, h} and {h, 11}, respectively.
Obvious, but very useful is also for all h 1 , h 2 ∈ H and ∈ L.
As observed in [20] , the fact that the action of H onto L is an automorphism together with (A.5) implies that we can reformulate the Lie 2-crossed module axiom (v) as follows: (A.8)
